Abstract. To an arbitrary intersection of exceptional varieties of an embedded resolution we associate a nite number of congruences between naturally occurring multiplicities. This theory generalizes previous results concerning just one exceptional variety. Moreover we describe precise equalities which imply the congruences and we give some applications on the poles of Igusa's local zeta function.
Introduction
(0.1) Let k be an algebraically closed eld of characteristic zero and f 2 k x 1 ; : : :; x n ]. Let h : X ! A n be an embedded resolution of singularities of f ?1 f0g, considered as an algebraic set in a ne space A n . We suppose that this resolution (X; h) is constructed by means of consecutive blowing{ups, according to Hironaka's theorem H].
We denote by E i ; i 2 S, the irreducible components of h ?1 (f ?1 f0g) and by N i the multiplicity of E i in the divisor of f h.
(0.2) Fix one exceptional variety E j . When n = 2 the following congruence is now well known. Say E j intersects k times other components E 1 ; : : :; E k . Then and more precisely (0.3) When n is arbitrary we developed in V2] a general theory of congruences, extending ( ). The essential feature of dimension n > 3 is that E j is subject to a`historical evolution' during the resolution process. Let E j X be the strict transform in X of the variety E 0 j , created at some stage of the resolution process h as exceptional variety of a blowing{up. Then in general E j is not isomorphic to E 0 j ; more precisely E j itself is obtained from E 0 j by a sequence of blowing{ups. (When n = 2 this phenomenon does not occur for then E 0 j = E j = P 1 .) In fact we associated a nite number of congruences modN j to E j ; there are Basic Congruences associated to its creation as E 0 j in the resolution process, generalizing ( ), and an Additional Congruence associated to each blowing{up of the sequence that produces E j out of E 0 j . (0.4) In this paper we will generalize this theory further to congruences`in arbitrary codimension'. We rst give an example.
When n = 3 let E j 1 and E j 2 be two intersecting exceptional surfaces and suppose that the curve D := E j 1 \ E j 2 is irreducible and projective. Say D intersects k times other components E 1 ; : : :; E k . Then where gcd denotes the greatest common divisor. This`codimension 2'{congruence cannot be derived as a consequence of the ordinary`codimension 1'{congruences of V2]. In fact there is an explicit equality P k i=1 N i + 2 N j 1 + 1 N j 2 = 0, where `i s the self{intersection number of D on E j`. (0.5) We will associate to each irreducible component D of a nonempty intersection of exceptional varieties \ j2J E j a nite number of congruences mod gcd j2J N j , and moreover we will describe equalities from which they can be obtained. We want to remark here that the congruences can be proved directly in an elegant way without reference to the equalities. ( For jJj = 1 this was not mentioned explicitly in V2].)
We now state these congruences more precisely. In general the variety D goes through a historical evolution during the resolution process : it is obtained by a nite succession of blowing{ups D Remember that a reduced hypersurface E of X has normal crossings if for all x 2 X there exists a regular system of parameters t 1 ; : : :; t n in the local ring O X;x of X at x such that the ideal in O X;x of each irreducible component of E containing x is generated by one of the t i . (Analytically one can think of E being locally a union of coordinate hyperplanes.) Also E is said to have normal crossings with a (necessarily smooth) subvariety D of X if for all x 2 D the ideal of D in O X;x is generated by some of the t i .
(1.2) Hironaka H] We will use this proposition intensively for D a nonempty intersection of exceptional varieties of h; because of the normal crossings property the transversality condition is indeed satis ed.
(1.4) From now on we will denote the irreducible components of h ?1 Y by E i ; i 2 S; and their multiplicity in the divisor of f h by N i ; alternatively (f h) = P i2S N i E i . We also set E I := \ i2I E i for I S. While working with the resolution process h we will in general use the same notation for E i , when created as exceptional variety, and for its strict transforms in any X k . (ii) The E j ; j 2 J, can be arbitrary (intersecting) components of h ?1 Y . Now for example when f is irreducible and the strict transform of Y is one of the E j ; j 2 J, then N J = 1 and the congruences are meaningless. See (2.8) for an application of the equalities.
(2.6) We now x the notation for our general congruences and equalities. Using Proposition 1.3 the following is not di cult to verify.
(i) The variety D is the strict transform in X of a nonsingular variety D 0 , created at some step of the global resolution process. (In fact D 0 appears in this process at the creation of the`last' of the E j ; j 2 J, as exceptional variety of a blowing{up of h; and more precisely D 0 is a component of the intersection of this variety with the other E j ; j 2 J, at that stage of h.)
( Proof. Consider for a xed i 2 f0; : : :; m ? 1g the blowing{up i+1 : D i+1 ! D i . It is not di cult to verify that the classical isomorphism Pic D i+1 = i+1 Pic D i ZC i+1 (with injective i+1 ) induces
where i+1 is still injective. Suppose now that P`2 T 0 f1;:::;i+1g N`C (i+1) = 0 in Pic D i+1 N J Pic D i+1 . This is equivalent to P k2T 0 f1;:::;ig N k ( i+1 C (i) k ? k C i+1 ) + N i+1 C i+1 = 0, and using (2) Indeed let D be (a component of) the intersection of the strict transform of Y with some exceptional surface E j , and let D intersect k times other exceptional surfaces, say E 1 ; : : :; E k . We want to know the self{intersection number of D on the strict transform of Y (which is a resolution of P 2 Y ). Now Corollary 2.4 says that
where j is the self{intersection number of D on E j , which can very easily be computed.
3. Precise equalities (3.1) We keep using the notation of (2.6). The congruences in the preceding section were completely determined by the con guration of the C i ; i 2 T, on D; or equivalently of the C i ; i 2 T 0 , on D 0 . For example we did not need any information concerning how D is embedded in X or in the E J 0; J 0 J, or analogously for D 0 . In my opinion precisely this feature makes these congruences attracting and useful for applications. See x5.
The underlying equalities for these congruences however depend rather intensively on knowledge about the global resolution process. We will derive them from the key Lemma 3.3, for which we now introduce the data. where (e) i is the multiplicity of the generic point of Z e on C y i , and j = 1 if B E j and j = 0 if B 6 E j . 3.4. Theorem. We use the notation of (2.6). These numbers i occur naturally in the expression for the`residue' of the candidate pole s 0 for the zeta functions mentioned above; see x5. When jJj = 1 we developed in V1] a general theory of linear relations between the i ; i 2 T. We now present shortly a straightforward generalization when E J is of arbitrary codimension.
In the sequel for a nonsingular variety V we denote by K V its canonical divisor.
Proof. By de nition of the numerical data we have that K X = 5. Poles of zeta functions (5.1) Let K be a nite extension of the eld Q p of p{adic numbers, R the valuation ring of K, P the maximal ideal of R, and K = R=P the residue eld with cardinality q. For z 2 K we denote by ord z 2 Z f+1g its valuation, jzj = q ? ord z its absolute value, and ac(z) = z ? ord z its angular component, where is a xed uniformizing parameter for R.
Let f(x) 2 K x] = K x 1 ; : : :; x n ] and { : R ! C a character of R , the group of units of R. (We formally put {(0) = 0.) To these data one associates Igusa's local zeta function Z(s) = Z(s; f; {) := Z R n {(ac f(x))jf(x)j s jdxj for s 2 C with <(s) > 0. Here jdxj denotes the Haar measure on K n , normalized such that R n has measure 1. Igusa I1] showed that it is a rational function of q ?s , so it extends to a meromorphic function on C .
For more information and references on Igusa's local zeta function, see for example the overview paper D3].
(5.2) From now on we suppose that { is trivial on 1 + P, i.e. it is induced by a character of K; this is the relevant case (see D3, Theorem 3.3]). Let also d denote the order of {.
We choose an embedded resolution h : X ! A n of f ?1 f0g, constructed entirely over K (this in possible by H]), for which we use the notation of (1:1), where now the E i ; i 2 S, are the K{irreducible components of h ?1 (f ?1 f0g). We also set E I := E I n `6 2I E`for I S. Igusa's proof of the rationality of Z(s) yields the following : All real poles of Z(s) are among the values ? j N j , where j 2 S and djN j .
Moreover the following formula gives a closed expression for Z(s) in terms of the resolution (X; h). In the sequel we denote reduction mod P by ( ) K .
5.3. Theorem D3, x3]. Suppose that the resolution (X; h) has good reduction mod P (ii) The sheaf L { is in fact zero on d-N i (E i ) K and locally constant of rank one elsewhere; we can thus restrict the summation above to subsets I for which djN i for all i 2 I.
(iii) When { is the trivial character the sheaf L { is constant on X and so c { I is just the number of K{rational points on ( E I ) K . (5.6) When jJj = 1 then E J is in fact an exceptional variety E j and s 0 = ? j N j . In the case of curves (n = 2) necessarily E j = P 1 , and so the condition ( E j ) = 0 is equivalent to E j intersecting exactly twice other components, say E 1 and E 2 . Then Using our theory of relations in codimension one we veri ed in V3] that R s 0 = 0 when expected for a lot of cases for surfaces (n = 3) and for some cases in arbitrary dimension n, assuming that { is the trivial character. When { is arbitrary we veri ed the nullity of R s 0 is some cases for surfaces using our theory of congruences (in codimension one); a couple of examples concerning the related topological zeta function (see (5.9)) appeared in V2].
Here we should mention that when n > 3 there is a whole zoo of con gurations satisfying ( E j ) = 0, and the vanishing of R s o seems a bit miraculous.
(5.7) Now when jJj is arbitrary we can use the relations and congruences in arbitrary codimension of this paper to verify analogously the nullity of R s 0 . We give some examples, assuming that the resolution (X; h) has good reduction modP, and for simplicity also that E J is irreducible over an algebraic closure of K.
(5.7.1) If E J is a projective curve then ( E J ) = 0 if and only if E J = E J is an elliptic curve, or E J = P 1 and it intersects exactly twice other components. I doubt whether the rst case can occur in an embedded resolution con guration. The second case certainly occurs and as above we have that R s 0 = 0, using Corollary 2.4 and the example after for I such that J I J f3; : : :; kg and djN i for all i 2 I. Then Proposition 5.8(i) implies the nullity of all occurring cohomology groups.
Remark now that the eventual remaining case`d -N 1 and djN i for all i = 2; : : :; k' is ruled out by Corollary 2.3. Indeed since Pic P m = Z this is equivalent to P k i=1 N i 0 mod N J , which implies that dj P k i=1 N i . It is an exercise to check that in this hypothetical case we would in general have R s 0 6 = 0.
(5.7.4) Using the notation of (2.6) we take D 0 = P 1 P 1 and let D 1 = D = E J be obtained from D 0 by the blowing{up 1 at a point P. Let the C i ; i 2 T 0 ; consist of a bre C 1 of one projection pr 1 : D 0 ! P 1 and of two bres C 2 and C 3 from the other projection pr 2 , such that moreover C 1 \ C 2 = fPg. Consequently the C i ; i 2 T; consist of C 1 ; C 2 ; C 3 ; and the exceptional curve C 4 of 1 . Case (i). As in the rst case of (5.7.3) the numbers c { I are the numbers of K{rational points on ( E I ) K . Using the structure of Pic D 0 and the fact that K D 0 = pr 1 K P 1+pr 2 K P 1, it is not di cult to verify that in this case the Relations B and A of x4 are f 1 = ?1; 2 + 3 = 0g and 4 = 1 + 2 , respectively. Now it is an easy exercise to compute that R s 0 = 0. Case (ii). In this case only E J and C 1 := C 1 n (C 3 C 4 ) possibly contribute to R s 0 . Both contributions are however zero for we can show that, L { being the sheaf of Theorem 5.3, Indeed (7) is true because of Proposition 5.8 and the fact that ( C 1 ) = 0. We indicate a proof of (8), which gives the reader an idea of the arguments underlying Proposition 5.8. First the exact sequence of cohomology with compact support for the inclusions E J , ! E J C 1 -C 1 , together with (7) 
